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Abstrat
A quantum field-theoretial model whih desribes spatially non-homogeneous one-
dimensional non-relativisti repulsive Bose gas in an external harmoni potential is
onsidered. We alulate the two-point thermal orrelation funtion of the Bose gas in
the framework of the funtional integration approah. The alulations are done in the
oordinate representation. A method of suessive integration over the high-energy
funtional variables first and then over the low-energy ones is used. The effetive
ation funtional for the low-energy variables is alulated in one loop approximation.
The funtional integral representation for the orrelation funtion is obtained in terms
of the low-energy variables, and is estimated by means of the stationary phase approx-
imation. The asymptotis of the orrelation funtion is studied in the limit when the
temperature is going to zero while the volume oupied by non-homogeneous Bose gas
infinitely inreases. It is demonstrated that the behaviour of the thermal orrelation
funtion in the limit desribed is power-like, and it is governed by the ritial exponent
whih depends on the spatial and thermal arguments.
2000 Mathematis Subjet Classifiation. Primary 81S40; seondary 42C10
Key words and phrases. Bose gas; funtional integration; orrelation funtion
∗
E-mail : bogoliubpdmi.ras.ru
†
E-mail : malyshevpdmi.ras.ru
1
1. Introdution
A reent burst of interest to theory of the Bose gas is aused by experimental realization
of Bose ondensation in the ultra-old vapors of alali metals onfined in the magneto-
optial traps [1, 2℄. In partiular, it beame possible to study the Bose ondensation in
the systems, whih are effetively two-dimensional or quasi one-dimensional [3, 4℄. Here a
partial loalization along one or two diretions in three-dimensional system is ahieved by
making the level spaing of the trapping potential in the orresponding diretions larger than
the energies of individual atoms. The field models whih desribe the Bose partiles with
the delta-like inter-partile oupling onfined by an external harmoni potential provide a
good approximation for a theoretial approah to the experimental situation [5℄. The theory
of non-ideal Bose gas attrats traditionally not only physiists but also mathematiians
[68℄. For a translationally invariant homogeneous Bose gas, the field model in question
orresponds to a quantum nonlinear Shrodinger equation, whih admits an exat solution
in the one-dimensional ase [9, 10℄. This fat allows to obtain losed expressions for the
orrelation funtions [11, 12℄.
In real physial systems the interest to a transition from three-dimensional to one-
dimensional behaviour is aused by the fat that an effetive density of atoms in the one-
dimensional Bose gas an be either high or low depending on the parameters of the sys-
tem [13℄. Here a low density implies a strong oupling between the partiles [14, 15℄, while
a high density orresponds to a weak interation.
The present paper ontinues the series of the papers [1620℄ devoted to investigation of
the orrelation funtions of the Bose gas with weak repulsive inter-partile oupling in the
presene of an external harmoni potential. Sine there is no exat solutions in the ase of an
external potential, in the present paper, as well as in Refs. [1620℄, the method of funtional
integration [2124℄ is aepted for investigation of the orrelation funtions. In the present
paper we develop the results of the paper [20℄, where, in a distintion with [1619℄, an expliit
dependene of the orrelation funtions on the imaginary time for non-zero temperature was
taken into aount. It will be demonstrated that the presene of the external potential
(of the trap) results in a hange of the asymptotial behaviour of the two-point orrelation
funtion in omparison to a translationally invariant ase. It will be demonstrated that the
observed hange happens in the range of temperatures, whih are omparable with inverse
of the harateristi length of the trap provided this length tends to infinity.
The paper is organized as follows. Setion 1 has an introdutory harater. A desrip-
tion of the one-dimensional model of non-relativisti Bose field in question, as well as a
summary of the method of the funtional integration, are given in Setion 2. An approah
to approximate investigation of the funtional integrals is also presented in Setion 2. This
approah is based on a suessive integration first over the high-energy over-ondensate ex-
itations and then over the variables, whih orrespond to the low-energy quasi-partiles.
Besides, in this Setion we give a derivation of one loop effetive ation for the low exited
quasi-ondensate fields, and the orresponding energy spetrum of the low lying exitations
is obtained. The method of stationary phase is used in 3 for an estimation of the funtional
integral, whih expresses the two-point thermal orrelation funtion of the non-homogeneous
Bose gas. The method of asymptotial estimation of the orrelators, whih is used in the
present paper, was proposed in [25℄, where the asymptotial behaviour of two-point Green
funtions of the homogeneous Bose gas was investigated for the spatial dimensionalities one,
two, and three. In the present paper it is demonstrated that the stationary phase method [25℄
admits a generalization for the spatially non-homogeneous Bose gas in the external potential
2
also. The asymptotis of two-point orrelation funtions of non-homogeneous Bose gas are
obtained in Setion 4 both at nonzero and zero temperatures. A short disussion of the
results of the present paper is given in Setion 5.
2. The effetive ation and the ThomasFermi approxi-
mation
1. The partition funtion
In the present paper we shall onsider one-dimensional Bose gas desribed by the Hamiltonian
Ĥ defined on the real axis R ∋ x:
Ĥ =
∫ {
ψ̂† (x)Hψ̂ (x) + g
2
ψ̂† (x) ψ̂† (x) ψ̂ (x) ψ̂ (x)
}
dx,
H ≡ −~
2
2m
∂2
∂x2
− µ+ V (x) ,
(1)
where ψ̂†(x) and ψ̂(x) are operator-valued fields, whih desribe reation and annihilation
of the quasi-partiles over the Fok vauum |0〉. The fields ψ̂†(x) and ψ̂(x) are subjeted to
the ommutation relation
ψ̂(x)ψ̂†(x′)− ψ̂†(x′)ψ̂(x) = δ(x− x′)
(ψ̂†(x) and ψ̂(x) are mutually ommutative), and H is the single-partile Hamiltonian.
The following notations are used in equation (1): m is the mass of the Bose partiles, µ is
the hemial potential, g is the oupling onstant whih orresponds to the weak repulsion
(i. e., g > 0), and the external onfining potential is hosen in the form of the harmoni
potential V (x) ≡ m
2
Ω2x2.
Let us begin with the investigation of the partition funtion Z. It an be represented in
the form of the funtional integral [2124℄:
Z =
∫
eS[ψ,ψ¯]DψDψ¯, (2)
where S[ψ, ψ¯] is the ation funtional of the system in question:
S[ψ, ψ¯] =
β∫
0
dτ
∫
dx
(
ψ¯(x, τ)
( ∂
∂τ
−H
)
ψ(x, τ)
− g
2
ψ¯(x, τ)ψ¯(x, τ)ψ(x, τ)ψ(x, τ)
)
. (3)
The domain of the funtional integration in (2) is given by the spae of omplex-valued
funtions ψ¯(x, τ), ψ(x, τ) depending on two arguments: x ∈ R and τ ∈ [0, β]. With regard
to the first argument x, the funtions ψ¯(x, τ), ψ(x, τ) belong to the spae of quadratially
integrable funtions L2(R), while they are finite and periodi with the period β = (kBT )
−1
with regard to the imaginary time τ (kB is the Boltzmann onstant, and T is an absolute
temperature). The variables ψ¯, ψ are the independent variables of the funtional integration
[21℄, and DψDψ¯ is the funtional integration measure.
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At suffiiently low temperatures we an expet to assume that eah of the variables
ψ¯(x, τ), ψ(x, τ) is given by two onstituents. One of them, ψ¯o(x, τ), ψo(x, τ), orresponds to
quasi-ondensate, while another one  to the high-energy thermal (i. e., over-ondensate)
exitations ψ¯e(x, τ), ψe(x, τ):
ψ(x, τ) = ψo(x, τ) + ψe(x, τ), ψ¯(x, τ) = ψ¯o(x, τ) + ψ¯e(x, τ). (4)
It should be stressed that here and below just the quasi-ondensate is assumed, sine a true
Bose ondensate does not exist in one-dimensional system [6℄. In the exatly solvable ase,
the existene of the quasi-ondensate implies that a non-trivial vauum state (i.e., a ground
state) exists. The quasi-ondensate variables ψ¯o(x, τ), ψo(x, τ) an also be represented as
the sums of the onstituents:
ψo(x, τ) = ψo(x) + ξ(x, τ), ψ¯o(x, τ) = ψ¯o(x) + ξ¯(x, τ), (5)
where the field ψo(x) desribes the ground state of the model at zero temperature, while the
field ξ(x, τ) desribes the low lying exited partiles. Let us require the variables in (4) to
be orthogonal in the following sense:∫
ψo(x, τ)ψ¯e(x, τ)dx =
∫
ψ¯o(x, τ)ψe(x, τ)dx = 0.
As a result, the integration measure DψDψ¯ will be replaed by DψoDψ¯oDψeDψ¯e.
To investigate the funtional integral (2), we shall perform a suessive integration over
the fields ψ¯, ψ. First, we shall integrate over the high-energy onstituents, and then  over
the low-energy ones (see. (4)) [21, 24℄. At a seond step, it is preferable to pass to new
funtional variables, whih desribe an observable low-energy physis [21, 24℄ in a more
adequate way. After the substitution of the expansion (4) into the ation (3) we shall take
into aount in S only the terms up to quadrati in ψ¯e, ψe. This means that we are making an
approximation in whih the over-ondensate quasi-partiles do not ouple with eah other.
In this ase, it is possible to integrate over the thermal flutuations ψ¯e(x, τ), ψe(x, τ) in a
losed form and thus to arrive to an effetive ation funtional Seff [ψo, ψ¯o] depending only
on the quasi-ondensate variables ψo, ψ¯o:
Seff [ψo, ψ¯o] = ln
∫
eS˜[ψo+ψe,ψ¯o+ψ¯e]DψeDψ¯e, (6)
where the tilde in S˜ implies that self-oupling of the fields ψ¯e(x, τ), ψe(x, τ) is exluded.
With respet to equation (6), the partition funtion Z of the model takes an approximate
form:
Z ≈
∫
eSeff [ψo,ψ¯o]DψoDψ¯o. (7)
Let us onsider the derivation of the effetive ation Seff [ψo, ψ¯o] (6) in more details. The
splitting (4) allows to derive Seff [ψo, ψ¯o] in the framework of the field-theoretial approah
of the loop expansion [26,27℄. We substitute (4) into the initial ation S[ψ, ψ¯] (3) and then
pass from S to the ation S˜, whih is given by three terms:
S˜ = Scond + Sfree + Sint. (8)
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In (8), Scond is the ation funtional of the ondensate quasi-partiles, whih orresponds to
a tree approximation [26, 27℄:
Scond[ψo, ψ¯o] ≡
β∫
0
dτ
∫
dx
{
ψ¯o(x, τ)K̂+ψo(x, τ)
− g
2
ψ¯o(x, τ)ψ¯o(x, τ)ψo(x, τ)ψo(x, τ)
}
. (9)
At the hosen approximation, the ation for the over-ondensate exitations Sfree takes the
form:
Sfree[ψe, ψ¯e] ≡ 1
2
β∫
0
dτ
∫
dx
(
ψ¯e, ψe
)
Ĝ−1
(
ψe
ψ¯e
)
. (10)
Eventually, S
int
is given by the part of the total ation funtional, whih desribes the
oupling of the quasi-ondensate to the over-ondensate exitations:
S
int
[ψo, ψ¯o, ψe, ψ¯e] ≡
β∫
0
dτ
∫
dx
{
ψ¯e(x, τ)[K̂+ − gψ¯oψo]ψo(x, τ)
+ ψe(x, τ)[K̂− − gψ¯oψo]ψ¯o(x, τ)
}
. (11)
In formulas (9)(11), we have defined the differential operators K̂± ≡ ±∂/∂τ −H (here the
Hamiltonian H is defined in (1)) and the matrix-differential operator Ĝ−1:
Ĝ−1 ≡ Ĝ−10 − Σ̂, (12)
where
Ĝ−10 ≡
(
K̂+ 0
0 K̂−
)
, Σ̂ ≡ Σ̂[ψo, ψ¯o] = g
(
2ψ¯oψo ψ
2
o
(ψ¯o)
2 2ψ¯oψo
)
.
In this approah it is appropriate to apply the stationary phase method to the funtional
integral (6). To this end, let us hoose ψ¯o, ψo as the stationarity points of the funtional Scond
(9), whih are defined by the extremum ondition δ(Scond[ψo, ψ¯o]) = 0. The orresponding
equations are taking the form of the GrossPitaevskii-type equations [28℄:( ∂
∂τ
+
~
2
2m
∂2
∂x2
+ µ− V (x)
)
ψo − g(ψ¯oψo)ψo = 0,(
− ∂
∂τ
+
~
2
2m
∂2
∂x2
+ µ− V (x)
)
ψ¯o − g(ψ¯oψo)ψ¯o = 0.
(13)
The ontribution of the ation S
int
(11) drops out from (8) sine ψ¯o, ψo are hosen to be
solutions of equations (13). Therefore the dynamis of ψe, ψ¯e is desribed, in the leading
approximation, by the ation Sfree (10). The latter depends on ψ¯o, ψo non-trivially through
the matrix of the self-energy parts Σ̂, whih enters into Ĝ−1 (12). The ThomasFermi ap-
proximation is essentially used in the present paper in order to determine the stationarity
points ψ¯o, ψo. This approximation onsists in negletion of the kineti term
~2
2m
∂2
∂x2
in equa-
tions (13) [5, 28℄. The ThomasFermi approximation is valid for the systems ontaining a
suffiiently large number of partiles, and it is widely used in the theoretial approahes
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to desription of the Bose ondensation in the magneto-optial traps [5, 28℄. The follow-
ing ondensate solution an be obtained provided only τ -independent solutions of (13) are
allowed:
ψ¯oψo = ρTF (x;µ) ≡ 1
g
(µ− V (x)) Θ (µ− V (x)) , (14)
where Θ is the Heavyside funtion. Now the integration in (6) with respet to ψe, ψ¯e is
Gaussian. This leads [21℄ to the one loop effetive ation, whih takes the following form in
terms of the variables ψo, ψ¯o:
Seff [ψo, ψ¯o] ≡ Scond[ψo, ψ¯o]− 1
2
lnDet(Ĝ−1). (15)
Here Ĝ−1 is the matrix operator (12), and ψo, ψ¯o have a sense of the new variables, and
their dynamis is governed by the ation (15).
In order to assign a meaning to the final expression for the effetive ation (15), it is
neessary to regularize the determinant Det(Ĝ−1). In our ase, the operator Ĝ−1 is already
written as a 2 × 2-matrix Dyson equation (12), where the entries of Σ̂[ψo, ψ¯o] play the role
of the normal (Σ11 = Σ22) and anomalous (Σ12, Σ21) self-energy parts. The Dyson equation
(12) defines the matrix Ĝ, where the entries have the meaning of the Green funtions of the
fields ψ¯e, ψe. The matrix Ĝ arises as a formal inverse of the operator Ĝ
−1
:
Ĝ =
(
Ĝ−10 − Σ̂
)−1
. (16)
The matrix operator Ĝ−1 (12) an formally be diagonalized by means of the famous N.N.Bo-
goliubov's (u, v)-transform [6℄. The orresponding equations, whih desribe the unknown
oeffiient-funtions u, v, result in a ompatibility requirement, whih determines, in turn,
the quasi-lassial spetrum of the elementary exitations [28℄.
With regard to our purposes, it is appropriate to represent Ĝ−1 as follows:
Ĝ−1 = Ĝ−10 − Σ̂ ≡ Ĝ−1 − (Σ̂− 2gρTF (x;µ)Î), (17)
where Î is the unit matrix of the size 2× 2, and the matrix Ĝ−1 is defined as
Ĝ−1 ≡
(
K̂+ − 2gρTF (x;µ) 0
0 K̂− − 2gρTF (x;µ)
)
≡
(K+ 0
0 K−
)
. (18)
Here ρTF (x;µ) is the solution (14), and equation (17) implies that we simply added and
subtrated 2gρTF (x;µ) on the priniple diagonal of the matrix operator Ĝ
−1
. A formal
inverse of the operator Ĝ−1 an be found from the following equation, whih defines the
Green funtions G±: (K+ 0
0 K−
)(G+ 0
0 G−
)
= δ(x− x′)δ(τ − τ ′)Î .
Using the relation ln Det = Tr ln, one gets:
−1
2
ln Det Ĝ−1 = −1
2
Tr ln
(
Î − Ĝ(Σ̂− 2gρTF (x;µ)Î))− 1
2
ln Det
(K+ 0
0 K−
)
. (19)
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The first term in Right Hand Side of (19) is free from divergenies. Let us onsider the
determinant of the matrix-differential operator in Right Hand Side of (19). The operators
K± an be written in the form:
K± ≡ ± ∂
∂τ
+
~
2
2m
∂2
∂x2
+ |V (x)− µ|. (20)
Let us denote the eigenvalues of the operators K± as ±iωB − λn, where ωB are the bosoni
Matsubara frequenies, and λn are the energy levels (whih are labeled by the multi-index n)
of the operator − ~2
2m
∂2
∂x2
− |V (x)− µ|. The regular part of the logarithm of the determinant
in equation (19) has the sense of the free energy F˜nc of the ideal gas of the over-ondensate
exitations:
F˜nc(µ) ≡ 1
2β
ln Det
(K+ 0
0 K−
)
=
1
β
∑
n
ln
(
2 sinh
βλn
2
)
,
where the regularized values of the determinants of the operators K± an be obtained, for
instane, by means of zeta-regularization approah [27℄. Then, in the leading order in g, one
gets:
− 1
2
ln Det Ĝ−1
≈ −βF˜nc(µ) + g
β∫
0
dτ
∫
dx
(G+(x, τ ; x, τ) + G−(x, τ ; x, τ))(ψ¯oψo − ρTF (x;µ))
≡ −βFnc(µ) + 2g
β∫
0
dτ
∫
dxρnc(x)ψ¯oψo. (21)
Here Fnc is the free energy of the non-ideal gas of the over-ondensate quasi-partiles, and
the last term in (21) desribes a oupling of the over-ondensate quasi-partiles with the
ondensate. The density of the over-ondensate quasi-partiles is ρnc(x) ≡ −G±(x, τ ; x, τ),
and it depends only on the spatial oordinate x. At very low temperatures and suffiiently
far from the boundary of the domain oupied by the ondensate, the quantity ρnc(x) an ap-
proximately be replaed by ρnc(0), sine G±(x, τ ; x, τ) is almost onstant over a onsiderable
part of the ondensate [29℄. Eventually, one obtains
Seff [ψo, ψ¯o] = −βFnc(µ) +
β∫
0
dτ
∫
dx
{
ψ¯o(x, τ)
(
~
2
2m
∂2
∂x2
+ Λ− V (x)
)
ψo(x, τ)
−g
2
ψ¯o(x, τ)ψ¯o(x, τ)ψo(x, τ)ψo(x, τ)
}
, (22)
where Λ = µ−2gρnc(0) is the renormalized hemial potential. We shall onsider Seff (22) as
one loop effetive ation, where the thermal orretions over the lassial bakground are
taken into aount. The lassial bakground orresponds to the solution (14). It should
be notied that the desribed derivation of the effetive ation does not depend on spatial
dimensionality, and therefore it is valid for two and three dimensions also.
In the effetive ation (22) it is appropriate to pass to the new variables, namely the
density ρ(x, τ) and the phase ϕ(x, τ) of the field ψo(x, τ) [21℄:
ψo(x, τ) =
√
ρ(x, τ)eiϕ(x,τ), ψ¯o(x, τ) =
√
ρ(x, τ)e−iϕ(x,τ). (23)
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We shall onsider ρ(x, τ) and ϕ(x, τ) as two new independent real-valued variables of the
funtional integration. Now the integration measure Dψ¯oDψo is replaed by the measure
DρDϕ. In these new variables the effetive ation (22) takes the form:
Seff [ρ, ϕ] = −βFnc(µ) + i
∫ β
0
dτ
∫
dx
{
ρ∂τϕ+
~
2
2m
∂x(ρ∂xϕ)
}
+
∫ β
0
dτ
∫
dx
{
~
2
2m
(
√
ρ ∂2x
√
ρ− ρ(∂xϕ)2) + (Λ− V )ρ− g
2
ρ2
}
. (24)
Here and below we denote the partial derivatives of the first order over τ and x as ∂τ and
∂x, respetively, whereas the partial derivatives of the seond order  as ∂
2
τ and ∂
2
x. Notie
that equations (22) and (24) remain orret at V = 0, so that the renormalized hemial
potential is still given by the equation Λ = µ − 2gρnc(0), where ρnc(0) is the bare [21℄
density of the ondensate.
2. The exitations spetrum
Let us onsider the problem of determination of the spetrum of the low-energy quasi-
partiles. We shall apply the stationary phase approximation to the integral (7), where
the effetive ation is given by (22). The orresponding stationarity point is determined
from the extremum ondition δ
(
Seff [ρ, ϕ]
)
= 0, whih is equivalent to the ouple of the
GrossPitaevskii equations:
i∂τϕ+
~
2
2m
( 1√
ρ
∂2x
√
ρ− (∂xϕ)2
)
+ Λ− V (x)− gρ = 0,
−i∂τρ+ ~
2
m
∂x (ρ∂xϕ) = 0.
(25)
Let ρ0 and ϕ0 to denote some solutions of the ouple of equations (25). Substituting ρ0, ϕ0
into the effetive ation (24), one obtains
Seff [ρ0, ϕ0] = −βFnc(µ) + g
2
β∫
0
dτ
∫
dxρ20. (26)
Here Fnc(µ) is the free energy of the non-ideal gas of the over-ondensate quasi-partiles.
The total free energy of the system is F (µ) = − 1
β
Seff [ρ0, ϕ0] [18℄.
Let us use the ThomasFermi approximation, whih is valid at suffiiently low tempera-
tures, and drop out the kineti term (∂2x
√
ρ)/
√
ρ in the first equation in (25). Solution with
∂τρ = 0 = ∂τϕ appears, provided the veloity field v = m
−1∂xϕ in (25) is taken equal to
zero. In this ase, equations (25) lead to the density of the ondensate desribed by the
solution (14), where the hemial potential µ is replaed by Λ:
ρTF (x) ≡ Λ
g
ρ˜TF (x) =
Λ
g
(
1− x
2
R2c
)
Θ
(
1− x
2
R2c
)
. (27)
Expliit form of the external potential V (x) = m
2
Ω2x2 is taken into aount in expression
(27). The form of the solution (27) means that the quasi-ondensate oupies the domain
|x| ≤ Rc at zero temperature. The length Rc defines the boundary of this domain, R2c ≡
2Λ
mΩ2
(in three dimensional spae, this would orrespond to a spherial distribution of the
8
ondensate). In the homogeneous ase given by the limit 1/Rc → 0, the ThomasFermi
solution ρTF (x) is transformed into the density ρTF (0) = Λ/g, whih oinides with the
density of the homogeneous Bose gas [21℄.
Following the initial splitting (5), we suppose that the thermal flutuations in viinity
of the stationarity point (27) are small, and therefore an analogous splitting an be written
for the ondensate density also:
ρ0(x, τ) = ρTF (x) + π0(x, τ). (28)
The GrossPitaevskii equations (25) linearized in a viinity of the equilibrium solution ρTF =
ρTF (x), ϕ = const, then takes the form:
i∂τϕ0 − gπ0 + ~
2
4mρTF
∂2xπ0 = 0,
i∂τπ0 − ~
2
m
∂x(ρTF∂xϕ0) = 0.
(29)
Eliminating ϕ0 and dropping out the terms proportional to ~
4
, we go over from (29) to the
Stringari thermal equation [30℄:
1
~2v2
∂2τπ0 + ∂x
((
1− x
2
R2c
)
∂xπ0
)
= 0, (30)
where the parameter v has a meaning of the sound veloity in the enter of the trap:
v2 ≡ ρTF (0)g
m
=
Λ
m
. (31)
The substitution π0 = e
iωτu(x) transforms (30) into the Legendre equation:
− ω
2
~2v2
u(x) +
d
dx
((
1− x
2
R2c
) d
dx
u(x)
)
= 0. (32)
Sine the ThomasFermi solution (27) is different from zero only at |x| ≤ Rc, we shall
onsider equation (32) at x ∈ [−Rc, Rc] ⊂ R, as well. After an analytial ontinuation
ω → iE, equation (32) possesses the polynomial solutions, whih are given by the Legendre
polynomials Pn(x/Rc), if and only if(Rc
~v
)2
E2 ≡ 2
~2Ω2
E2 = n(n + 1), n ≥ 0. (33)
In other words, equation (32) leads to the spetrum of the low lying exitations: En =
~Ω
√
n(n+1)
2
, n ≥ 0 [31℄. Notie that the orresponding equation for the homogeneous Bose
gas is obtained after a formal limit 1/Rc → 0 in (32) at finite x. Provided the latter is
still onsidered for the segment [−Rc, Rc] ∋ x with a periodi boundary ondition for x,
we arrive at the disrete spetrum of the following form: Ek = ~vk, where k is the wave
number, k = (π/Rc)n, n ∈ Z.
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3. The two-point thermal orrelation funtion
Let us go over to the main problem of the present paper  to the alulation of the two-
point thermal orrelation funtion of spatially non-homogeneous Bose gas desribed by the
Hamiltonian (1):
Γ(x1, τ1; x2, τ2) ≡ 〈Tτ ψ̂†(x1, τ1)ψ̂(x2, τ2)〉, (34)
where Tτ is a τ -hronologial ordering with respet of the imaginary time τ , and the
angular brakets 〈 , 〉 orrespond to averaging with respet of the Gibbs distribution [6℄. We
an express the orrelator Γ(x1, τ1; x2, τ2) as a ratio of two funtional integrals [2124℄:
Γ(x1, τ1; x2, τ2) =
∫
eS[ψ,ψ¯]ψ¯(x1, τ1)ψ(x2, τ2)DψDψ¯∫
eS[ψ,ψ¯]DψDψ¯ , (35)
where the ation S[ψ, ψ¯] is defined in (3).
We are interested in the behaviour of the orrelators at the distanes onsiderably smaller
in omparison with the size of the whole domain oupied by the ondensate. The main
ontribution to the behaviour of the orrelation funtions is due to the low lying exitations
at suffiiently low temperatures [21℄. To alulate Γ(x1, τ1; x2, τ2) (35), we use the method of
suessive funtional integration first over the high-energy exitations ψ¯e, ψe, and then over
the low-energy exitations ψ¯o, ψo [21,24,25℄. We find that in the leading approximation the
orrelator we are interested in looks as follows [21, 25℄:
Γ(x1, τ1; x2, τ2) ≃
∫
eSeff [ψo,ψ¯o]ψ¯o(x1, τ1)ψo(x2, τ2)DψoDψ¯o∫
eSeff [ψo,ψ¯o]DψoDψ¯o
, (36)
where Seff [ψo, ψ¯o] is the effetive ation (22). We an rewrite (36) in terms of the density
phase variables (23), and then represent the integrand in the nominator in the form of a
single exponential:
Γ(x1, τ1; x2, τ2)
≃
∫
exp
(
Seff [ρ, ϕ]−iϕ(x1, τ1)+iϕ(x2, τ2)+12 ln ρ(x1, τ1)+12 ln ρ(x2, τ2)
)
DρDϕ∫
exp
(
Seff [ρ, ϕ]
)DρDϕ . (37)
Here Seff [ρ, ϕ] is the effetive ation (24).
Sine the flutuations of the density are suppressed at suffiiently low temperatures [28℄,
one an replae ln ρ(x1, τ1), ln ρ(x2, τ2) in (37) by ln ρTF (x1), ln ρTF (x2), where the density
ρTF is defined by (27). In aordane with the variational priniple suggested in [25℄, we
shall estimate the funtional integrals in (37) by the stationary phase method, and we shall
onsider only a leading approximation. For the orrelation funtion Γ(x1, τ1; x2, τ2), we
obtain the following estimation:
Γ(x1, τ1; x2, τ2)≃
√
ρTF (x1)ρTF (x2)
× exp(−Seff [ρ0, ϕ0]+Seff [ρ1, ϕ1]−iϕ1(x1, τ1)+iϕ1(x2, τ2)), (38)
where the variables ρ0, ϕ0 are defined by the extremum ondition δ(Seff [ρ, ϕ]) = 0, and
therefore they just satisfy the stationary GrossPitaevskii equations (25). For Seff [ρ0, ϕ0] we
use the expression (26).
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The fields ρ1, ϕ1 are defined by the extremum ondition:
δ
(
Seff [ρ, ϕ]− iϕ(x1, τ1) + iϕ(x2, τ2)
)
= 0. (39)
This variational equation leads to another ouple of equations of the GrossPitaevskii type.
One of these equations turns out to be a non-homogeneous equation with the δ-like soure,
while another one  a homogeneous equation. In fat, the homogeneous equation appears
due to a requirement of vanishing of the oeffiient at the variation δρ(x, τ),
i∂τϕ +
~
2
2m
( 1√
ρ
∂2x
√
ρ− (∂xϕ)2
)
+ Λ− V (x)− gρ = 0. (40)
In its turn, the non-homogeneous equation is defined by vanishing of the oeffiient at the
variation δϕ(x, τ):
−i∂τρ+ ~
2
m
∂x (ρ∂xϕ) = iδ(x− x1)δ(τ − τ1)− iδ(x− x2)δ(τ − τ2). (41)
Substituting the solutions ρ1, ϕ1, whih respet (40), (41), into the effetive ation (24), one
gets
Seff [ρ1, ϕ1] = −βFnc(µ)− 1 + g
2
β∫
0
dτ
∫
dxρ21. (42)
Further, it an onsistently be assumed that the solution ρ1(x, τ) an be represented
as a sum of ρTF (x) and of a weakly flutuating part provided the boundary Rc is far from
beginning of oordinates: ρ1(x, τ) = ρTF (x)+π1(x, τ) (for a omparison, see (28)). Therefore,
the terms
√
π1∂
2
x
√
π1 and ∂xπ1∂xϕ1 are small and an be omitted. Taking into aount a
linearization near the ThomasFermi solution, one an finally re-write equations (40) and
(41) as a ouple of the following equations:
i∂τϕ1 − gπ1 − ~
2
2m
(∂xϕ1)
2 = 0, (43.1)
−i∂τπ1 + ~
2
m
∂x (ρTF∂xϕ1) = iδ(x− x1)δ(τ − τ1)− iδ(x− x2)δ(τ − τ2). (43.2)
Differentiating (43.1) over τ , substituting the result into (43.2), and dropping out the
terms of higher orders in g and ~2, one obtains the following equation:
1
g
∂2τϕ1 +
~
2
m
∂x (ρTF (x)∂xϕ1) = iδ(x− x1)δ(τ − τ1)− iδ(x− x2)δ(τ − τ2). (44)
It is onvenient to rewrite it as follows:
1
~2v2
∂2τϕ1+∂x (ρ˜TF (x)∂xϕ1)= i
mg
~2Λ
{
δ(x− x1)δ(τ−τ1)−δ(x−x2)δ(τ−τ2)
}
, (45)
where v means the sound veloity in the enter of the trap (31), and ρ˜TF is defined by (27).
More speifially, solutions of equations (44), (45) depend on the oordinates of the δ-like
soures in Right Hand Side, i.e., on x1, τ1, x2, τ2: ϕ1(x, τ) ≡ ϕ1(x, τ ; x1, τ1, x2, τ2). Now,
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with the help of equations (26), (42) and (43), one an alulate the ontribution, whih is
a part in the exponent in (38):
− Seff [ρ0, ϕ0] + Seff [ρ1, ϕ1]
≃ g
2
β∫
0
dτ
∫
dx(ρ21 − ρ20) =
g
2
β∫
0
dτ
∫
dx(ρ1 − ρ0)(ρ1 + ρ0)
≃ g
β∫
0
dτ
∫
dxπ1ρ0 =
β∫
0
dτ
∫
dx
(
i∂τϕ1 − ~
2
2m
(∂xϕ1)
2
)
ρ0
= − ~
2
2m
β∫
0
dτ
∫
dxρ0 (∂xϕ1)
2 =
~
2
2m
β∫
0
dτ
∫
dxϕ1(x)∂x
(
ρ0(x)∂xϕ1(x)
)
=
i
2
(
ϕ1(x1, τ1)− ϕ1(x2, τ2)
)
. (46)
Substituting (46) into (38), one obtains the following approximate formula for the orrelator:
Γ(x1, τ1; x2, τ2) ≃
√
ρTF (x1)ρTF (x2) exp
(
− i
2
(
ϕ1(x1, τ1)− ϕ1(x2, τ2)
))
. (47)
It is natural to represent the solutions of equations (44), (45) in terms of the solution
G(x, τ ; x′, τ ′) of the equation
1
~2v2
∂2τG(x, τ ; x
′, τ ′)+∂x
((
1− x
2
R2c
)
∂xG(x, τ ; x
′, τ ′)
)
=
g
~2v2
δ(x−x′)δ(τ−τ ′). (48)
Bearing in mind the homogeneous equation (30), we shall all (48) as non-homogeneous
Stringari equation. As a result, the representation (47) an be re-written as follows:
Γ(x1, τ1; x2, τ2)
≃
√
ρTF (x1)ρTF (x2) exp
(
−1
2
(
G(x1, τ1; x2, τ2) +G(x2, τ2; x1, τ1)
)
+
1
2
G(x1, τ1; x1, τ1) +
1
2
G(x2, τ2; x2, τ2)
)
. (49)
As it is lear after [8℄, the funtion G(x1, τ1; x2, τ2) has a meaning of the orrelation funtion
of the phases:
G(x1, τ1; x2, τ2) = −
〈
ϕ(x1, τ1)ϕ(x2, τ2)
〉
, (50)
where the angle brakets in Right Hand Side should be understood as an averaging with
respet to the weighted measure DρDϕ exp (Seff [ρ, ϕ]). Substituting (50) into (49), we
obtain the known approximate formula for the orrelator (34) [8, 21℄:〈
Tτ ψ̂
†(x1, τ1)ψ̂(x2, τ2)
〉 ≃ √ρTF (x1)ρTF (x2) exp (−1
2
〈
(ϕ(x1, τ1)− ϕ(x2, τ2))2
〉)
. (51)
Notie that the terms in the exponent in (49) have different meanings. The terms
G(x1, τ1; x2, τ2) and G(x2, τ2; x1, τ1) depend on the differenes of the arguments of two-point
orrelation funtion and therefore are responsible for the behaviour of the orrelator at large
distanes. The terms G(x1, τ1; x1, τ1), G(x2, τ2; x2, τ2) eah depend only on a single set of the
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oordinates and thus ontribute to the amplitudes only. The Green funtion G(x, τ ; x′, τ ′)
depends, in fat, on the differene of τ and τ ′ due to the invariane under the shifts of τ
(see. (48)). Therefore, only a dependene on the spatial oordinates remains provided the
orresponding thermal arguments oinide. Then, it is possible to represent the orrelation
funtion as follows:
Γ(x1, τ1; x2, τ2) ≃
√
ρ˜(x1)ρ˜(x2) exp
(
−1
2
(G(x1, τ1; x2, τ2) +G(x2, τ2; x1, τ1))
)
, (52)
where ρ˜(x1), ρ˜(x2) are the renormalized densities [18℄. The solution G(x1, τ1; x2, τ2) of equa-
tion (48) is defined up to a purely imaginary additive onstant, whih has a meaning of a
global phase. As it is seen from (51), this onstant does not influene the flutuations.
4. The asymptotis of the orrelation funtion
Therefore, the problem onerning the study of the asymptotial behaviour of the two-point
thermal orrelation funtion Γ(x1, τ1; x2, τ2) (34), whih is given by the representation (37),
is redued to solution of the non-homogeneous Stringari equation (48). The orresponding
answer (or its asymptotis) should be subsequently substituted into (52). In the present
setion, we shall obtain expliitly solutions of equation (48), and we shall onsider the
orresponding representations for the asymptotis of Γ(x1, τ1; x2, τ2). Let us begin with the
limiting ase of equation (48), whih orresponds to a homogeneous Bose gas.
1. The homogeneous Bose gas
In this subsetion we shall onsider the asymptotial behaviour of the orrelation funtion of
the homogeneous Bose gas. As it was mentioned above, the homogeneous ase orresponds
to V (x) ≡ 0, and the related equation appears from (48) at 1/Rc → 0:
1
~2v2
∂2τG(x, τ ; x
′, τ ′) + ∂2xG(x, τ ; x
′, τ ′) =
g
~2v2
δ(x− x′)δ(τ − τ ′). (53)
We onsider (53) for the domain [−Rc, Rc] × [0, β] ∋ (x, τ) with the periodi boundary
onditions for eah variable (in other words, we onsider (53) on the torus S1×S1 ∋ (x, τ)).
The δ-funtions in Right Hand Side of (53) are treated as the orresponding periodi δ-
funtions. This allows us to represent the solution of this equation as the formal double
Fourier series:
G(x, τ ; x′, τ ′) =
( −g
~2v2
)
(2βRc)
−1
∑
ω,k
eiω(τ−τ
′)+ik(x−x′)
ω2/(~2v2) + k2
=
( −g
2βRc
) ∑
ω,k
eiω(τ−τ
′)+ik(x−x′)
ω2 + E2k
, (54)
where ω = (2π/β)l, l ∈ Z. The notation for the energy Ek = ~vk, where k = (π/Rc)n, n ∈ Z,
is used in the representation (54). Besides, the representation (54) requires a regularization,
whih onsists in negletion of the term given by ω = k = 0.
Using (54), one an dedue two important asymptotial representations for the Green
funtion. In the limit of zero temperature and of infinite size of the domain oupied by the
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Bose gas, one an go over to the asymptotis of Γ(x1, τ1; x2, τ2). When a strong inequality
β−1 ≡ kBT ≫ ~v/Rc is valid, we obtain:
G(x, τ ; x′, τ ′)
≃ g
2π~v
ln
{
2
∣∣∣ sinh π
~βv
(|x− x′|+ i~v(τ − τ ′))
∣∣∣}− g
4βRc
|x− x′|2
~2v2
+ C, (55)
where |x− x′| ≤ 2Rc, |τ − τ ′| ≤ β, and C is some onstant, whih is not written expliitly.
When an opposite inequality β−1 ≡ kBT ≪ ~v/Rc is valid, we obtain:
G(x, τ ; x′, τ ′)
≃ g
2π~v
ln
{
2
∣∣∣ sinh iπ
2Rc
(|x− x′|+ i~v(τ − τ ′))
∣∣∣}− g
4βRc
|τ − τ ′|2 + C′ , (56)
where |x− x′| ≤ 2Rc, |τ − τ ′| ≤ β, and C′ is another onstant.
Let us substitute the estimate (55) into the representation (52) and take simultaneously
the limit β~v/Rc → 0 (the size is growing faster than inverse temperature). Then, we obtain
the following expression for the orrelator in question:
Γ(x1, τ1; x2, τ2) ≃
√
ρ˜(x1)ρ˜(x2)
∣∣∣ sinh π
~βv
(|x1 − x2|+ i~v(τ1 − τ2))
∣∣∣−g/2pi~v. (57)
Further, applying the relation (56) and taking the limit Rc/(β~v)→ 0 (the inverse temper-
ature grows faster than the size), we obtain for Γ(x1, τ1; x2, τ2):
Γ(x1, τ1; x2, τ2) ≃
√
ρ˜(x1)ρ˜(x2)
∣∣∣ sinh iπ
2Rc
(|x1 − x2|+ i~v(τ1 − τ2))
∣∣∣−g/2pi~v. (58)
It follows from (57) and (58), that in the limit of zero temperature, (~βv)−1 → 0, and of
infinite size, 1/Rc → 0, the two-point orrelation funtion behaves like
Γ(x1, τ1; x2, τ2) ≃
√
ρ˜(x1)ρ˜(x2)
||x1 − x2|+ i~v(τ1 − τ2)|1/θ . (59)
The latter formula is valid in the limit β~v/Rc → 0, as well as in the limit Rc/(β~v)→ 0. In
(59), θ denotes the ritial exponent: θ ≡ 2π~v/g, and the arguments x1 and x2, τ1 and τ2,
are assumed to be suffiiently lose eah to other. Using the notations v =
√
Λ/m for the
sound veloity and ρ = Λ/g for the density of the homogeneous ideal Bose gas, we obtain
for the ritial exponent the following universal expression [11, 12℄:
θ =
2π~ρ
mv
. (60)
2. The trapped Bose gas. High temperature ase: kBT ≫ ~v/Rc
Let us onsider the ase of non-homogeneous Bose gas, whih is desribed by the Hamiltonian
(1) with the external potential V (x) ≡ m
2
Ω2x2. In the present subsetion we are mainly
following the ontent of the paper [20℄. Let us onsider the non-homogeneous Stringari
equation (48) and write it again, for onveniene:
1
~2v2
∂2τG(x, τ ; x
′, τ ′) + ∂x
((
1− x
2
R2c
)
∂xG(x, τ ; x
′, τ ′)
)
=
g
~2v2
δ(x− x′)δ(τ − τ ′). (61)
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We onsider (61) for the arguments (x, τ) ∈ [−Rc, Rc] × [0, β] with the periodi boundary
ondition only with respet to τ (ontrary to equation (53), δ(x − x′) is a usual Dira's
δ-funtion with a support at the point x′ ∈ R). The Green funtion satisfying (61) an be
written as a formal Fourier series:
G(x, τ ; x′, τ ′) =
1
β
∑
ω
eiω(τ−τ
′)Gω(x, x
′), (62)
where ω = (2π/β)l, l ∈ Z. The spetral density Gω(x, x′) in (62) is then governed by the
equation
− ω
2
~2v2
Gω(x, x
′) +
d
dx
((
1− x
2
R2c
) d
dx
Gω(x, x
′)
)
=
g
~2v2
δ(x− x′). (63)
Solution of equation (63) an be obtained in terms of the Legendre funtions of the first
and seond kind, Pν(x/Rc) and Qν(x/Rc), whih are linearly independent solutions of the
homogeneous Legendre equation (32). As a result, we get:
Gω(x, x
′) =
gRc
2~2v2
ǫ(x− x′)
{
Qν
( x
Rc
)
Pν
( x′
Rc
)
−Qν
( x′
Rc
)
Pν
( x
Rc
)}
, (64)
where ν looks as follows:
ν = −1
2
+
√
1
4
−
(Rc
~v
)2
ω2,
and ǫ(x−x′) is the sign funtion ǫ(x) ≡ sign(x). Validity of the solution (64) an be verified
by diret substitution of (64) into (63), where the following expression for the Wronskian of
two linearly independent solutions Pν and Qν [32℄ should be used:
Pν(y)
d
dy
Qν(y)−Qν(y) d
dy
Pν(y) = (1− y2)−1,
and the rule of differentiation of the sign funtion is: (d/dx) ǫ(x) = 2δ(x).
Provided a dependene on τ is negleted, an equation, whih arises as a result of al-
ulation of the orrelation funtion aordingly to [25℄, looks analogously to equation (61),
but a fator β−1 is present in its Right Hand Side instead of δ(τ − τ ′). In this ase, the
orresponding solution of the non-homogeneous equation (i. e., the fundamental solution)
G(x; x′) takes the form
G(x; x′) =
1
β
G0(x, x
′), (65.1)
where
G0(x, x
′) =
gRc
2~2v2
ǫ(x− x′)
{
Q0
( x
Rc
)
−Q0
( x′
Rc
)}
=
gRc
(2~v)2
ln

(
1 + |x−x
′|
2Rc
)2
− (x+x′)2
4R2
c(
1− |x−x′|
2Rc
)2
− (x+x′)2
4R2
c
 . (65.2)
An expliit form for the simplest Legendre funtions P0(x) = 1 and Q0(x) =
1
2
ln 1+x
1−x
is
essential for obtaining the relations (65). The fundamental solution G(x; x′) (65) beomes
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equal to zero when its arguments oinide. A substitution of (65) into the representation
(49) gives the following result for the stationary orrelation funtion [17, 18, 33, 34℄:
Γ(x1; x2) ≃
√
ρTF (x1)ρTF (x2) exp
(
− gRc
β(2~v)2
ln
[
1 + |x1−x2|
Rc
− x1x2
R2
c
1− |x1−x2|
Rc
− x1x2
R2
c
])
. (66)
Before studying the behaviour of the orrelation funtion, whih depends on τ , it should
be notied that solutions of the homogeneous Legendre equation (32) an be added to the
Green funtion (62), sine the latter respets the non-homogeneous equation. In order to
ensure a orret asymptotial behaviour of the spetral density we are interested in at large
|ω|, we are free to add suh a term at |ω| 6= 0 and obtain the following expression:
Gω(x, x
′) =
gRc
2~2v2
ǫ(x− x′)
{
Qν
( x
Rc
)
Pν
( x′
Rc
)
−Qν
( x′
Rc
)
Pν
( x
Rc
)}
− i gRc
2~2v2
{ 2
π
Qν
( x
Rc
)
Qν
( x′
Rc
)
+
π
2
Pν
( x′
Rc
)
Pν
( x
Rc
)}
. (67.1)
The Green funtion given by (62) and (67.1) an be represented in the form, whih allows
to study the orresponding asymptotial behaviour. In the ase of strong inequality β−1 =
kBT ≫ ~v/Rc, we approximately obtain for non-zero frequenies: |ω| ≫ ~v/(2Rc). Let us
take into aount the following asymptotis of the Legendre funtions [32, 36℄:{
Pν
Qν
}
(cos θ) =
Γ(ν + 1)
Γ(ν + 3/2)
(2
π
)δ/2 1
sin1/2 θ
{
sin
cos
}[(
ν +
1
2
)
θ +
π
4
]
+O(ν−1)
≈
( 2
π
)δ/2 1(
ν sin θ
)1/2 {sincos
}[(
ν +
1
2
)
θ +
π
4
]
, (67.2)
where ε < θ < π − ε, ε > 0, | arg ν| < π/2, and the notation cos θ ≡ x/Rc is adopted. Only
the up or the down expressions must be simultaneously hosen inside the urly brakets
{. . . } in (67.2). Here δ = 1 orresponds to Pν , and δ = −1 orresponds to Qν . Substituting
(67.2) into (67.1), we determine the behaviour of Gω(x, x
′) at large |ω|:
Gω(x, x
′) ≃ − g
2~v|ω|
1√
sin θ sin θ′
exp
(
−Rc
~v
|ω| |θ − θ′|
)
. (68)
When the oordinates x1, x2 are hosen to be far from the boundary of the trap, x1,
x2 ≪ Rc, but at the same time the inequalities |x1 − x2| ≪ x1+x22 and |x1 − x2| ≪ Rc
are valid, the orresponding limit should be alled as quasi-homogeneous. In this ase, the
funtion G0(x, x
′) (65.2) an be approximated up to a seond order (inluding the latter) as
follows:
G0(x, x
′) ≃ Λ
2~2v2ρTF (S)
|x− x′|. (69)
Here S means a half-sum of the spatial arguments of the orrelator, S ≡ x1+x2
2
, and v is the
sound veloity (31). In the quasi-homogeneous limit, equation (68) an be re-written in the
following form:
Gω(x, x
′) ≃ − Λ
2~vρTF (S)
exp (−(~v)−1|ω||x− x′|)
|ω| . (70)
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Substitution of (69) and (70) into the series (62) leads to the answer for the Green funtion
(i.e., for the orrelator of the phases) (50):
G(x, τ ; x′, τ ′) ≃ Λ
2π~vρTF (S)
ln
{
2
∣∣∣ sinh π
~βv
(|x− x′|+ i~v(τ − τ ′))
∣∣∣}. (71)
Therefore, the Green funtion (52) takes the following form at β−1 ≫ ~v/Rc:
Γ(x1, τ1; x2, τ2) ≃
√
ρ˜(x1)ρ˜(x2)
| sinh pi
~βv
(|x1 − x2|+ i~v(τ1 − τ2))|1/θ(S) , (72)
where the ritial exponent θ(S) depends now only on the half-sum of the oordinates S:
θ(S) =
2π~ρTF (S)
mv
. (73)
The result (72), whih is valid for the spatially non-homogeneous ase, is in a orrespondene
with the estimation (57) obtained above for the homogeneous Bose gas. Therefore, the
estimation (72) is also onerned with validity of the appropriate ondition that the size of
the domain oupied by the Bose ondensate grows faster than inverse temperature, i.e.,
with the ondition ~βv/Rc → 0.
The relation (72) an be simplified for two important limiting ases. Provided the on-
dition
1≪ |x1 − x2|
~βv
≪ Rc
~βv
(74)
is fulfilled in the quasi-homogeneous ase, we obtain from (72) that the orrelation funtion
deays exponentially:
Γ(x1, τ1; x2, τ2) ≃
√
ρ˜(x1)ρ˜(x2) exp
(
− 1
ξ(S)
∣∣|x1 − x2|+ i~v(τ1 − τ2)∣∣),
ξ−1(S) =
Λ
2β~2v2ρTF (S)
.
(75)
The orrelation length ξ(S) is defined by the relation (75), whih depends now on the half-
sum of the oordinates:
ξ(S) ≡ ~βv
π
θ(S) =
2~2βρTF (S)
m
. (76)
In an opposite limit,
|x1 − x2|
~βv
,
|τ1 − τ2|
β
≪ 1≪ Rc
~βv
, (77)
the asymptotis of Γ(x1, τ1; x2, τ2) takes the following form:
Γ(x1, τ1; x2, τ2) ≃
√
ρ˜(x1)ρ˜(x2)
||x1 − x2|+ i~v(τ1 − τ2)|1/θ(S) . (78)
The obtained asymptotis (78) is analogous to the estimation (59), whih haraterizes the
spatially homogeneous Bose gas. But the ritial exponent θ(S) (73) differs from θ (60),
sine it depends on the spatial oordinates.
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3. The trapped Bose gas. Low temperature ase: kBT ≪ ~v/Rc
Let us pass to another ase whih also admits investigation of the asymptotial behaviour
of the two-point orrelator Γ(x1, τ1; x2, τ2). As in the previous subsetion, we begin with the
non-homogeneous Stringari equation (48), whih an be written in the following form:
∂2τG(x, τ ; x
′, τ ′) +
1
α2
∂(x/Rc)
((
1− x
2
R2c
)
∂(x/Rc)G(x, τ ; x
′, τ ′)
)
=
g
Rc
δ
(x− x′
Rc
)
δ(τ − τ ′), (79)
where the notation α ≡ Rc/(~v) is introdued. The asymptotial behaviour an be inves-
tigated in two ases, and these ases may be haraterized in terms of α: β/α ≪ 1 (the
previous subsetion) and β/α ≫ 1 (see below). The funtions√
n +
1
2
Pn
( x
Rc
)
, n ≥ 0,
where Pn(x/Rc) are the Legendre polynomials, onstitute a omplete orthonormal system in
the spae L2 [−Rc, Rc]. This fat allows to obtain the following representation for the Green
funtion G(x, τ ; x′, τ ′) in the form of the generalized double Fourier series:
G(x, τ ; x′, τ ′) =
( −g
βRc
) ∑
ω
∞∑
n=0
n + 1/2
ω2 + E2n
Pn
( x
Rc
)
Pn
( x′
Rc
)
eiω(τ−τ
′). (80)
In (80), as well as in (54), (62), the notation
∑
ω
denotes a sum over the Bose frequenies
ω = (2π/β)l, l ∈ Z, and the following notation for the energy levels (33) is adopted:
En = ~Ω
√
n(n + 1)
2
=
√
n(n + 1)
α
. (81)
Let us note that a transition from (54) to (80) takes plae provided the wave funtions and
the dispertion relation are appropriately substituted.
After summation over the frequenies and after regularization onsisting in negletion of
the term orresponding to zero values of ω and n, G(x, τ ; x′, τ ′) (80) takes the form:
G(x, τ ; x′, τ ′)
=
( −g
βRc
) [( β
2π
)2 ∞∑
l=1
cos
(
2pi∆τ
β
l
)
l2
+
β
2
∞∑
n=1
n+ 1/2
En
Pn
( x
Rc
)
Pn
( x′
Rc
)
×
(
coth
(β
2
En
)
cosh(En∆τ)− sinh(En∆τ)
)]
, (82)
where ∆τ ≡ |τ − τ ′|. The obtained representation (82) admits an investigation for two
limiting ases: β/α≪ 1 (this ase agrees with the estimation (75) of the previous subsetion)
and β/α≫ 1.
Indeed, putting τ = τ ′ in the ase β/α≪ 1, we obtain [35℄ the following relation:
G(x, τ ; x′, τ) = − gβ
24Rc
− g
βRc
∞∑
n=1
n + 1/2
E2n
Pn
( x
Rc
)
Pn
( x′
Rc
)
=
gRc
2β~2v2
ln
(
1 +
|x− x′|
Rc
− xx
′
R2c
)
+
gRc
β~2v2
(1
2
− ln 2− β
2
24α2
)
. (83)
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Let us observe that Right Hand Side of (83) respets the non-homogeneous equation
1
α2
∂(x/Rc)
((
1− x
2
R2c
)
∂(x/Rc)G(x, τ ; x
′, τ)
)
=
g
βRc
(
δ
(x− x′
Rc
)
− 1
2
)
. (84.1)
Provided the spatial arguments in the relation (83) are equated, one an obtain the following
equality:
G(x, τ ; x, τ) +G(x′, τ ; x′, τ)
2
=
gα2
4βRc
ln
[(
1− x
2
R2c
)(
1− (x
′)2
R2c
)]
+
gRc
β~2v2
(1
2
− ln 2− β
2
24α2
)
. (84.2)
Diret substitution demonstrates that (84.2) satisfies an equation, where Left Hand Side is
the same as in (84.1), while only the onstant term
−g
2βRc
is present in Right Hand Side.
Therefore, a subtration of Right Hand Side of (84.2) from Right Hand Side of (83) results
exatly in the fundamental solution G(x; x′) (65). The Green funtion G(x; x′) beomes
equal to zero at x = x′, and it respets an equation of the type of (84.1) but with g
β
δ(x−x′)
in Right Hand Side.
With the help of the series (83), we may bring the exponent in (49) into the form:( −g
2βRc
) ∞∑
n=1
n+ 1/2
E2n
(
Pn
( x
Rc
)
− Pn
( x′
Rc
))2
. (85)
As it is seen from (83) and (84.2), the relation (85) is nothing else but the fundamental
solution G(x; x′) (65) taken with an opposite sign. Thus, the representation (83), being
substituted into (49), leads to the formula for the equal-time orrelator Γ(x1, τ ; x2, τ),
whih has the same form as Right Hand Side of (66). Taking into aount the quasi-
homogeneity onditions, whih were disussed in the previous subsetion, and realling the
orresponding estimation (69), we obtain for G(x; x′):
G(x, x′) ≃ Λ
2β~2v2ρTF (S)
|x− x′|.
In its turn, the latter formula leads to the estimation:
Γ(x1, τ ; x2, τ) ≃
√
ρTF (x1)ρTF (x2) exp
(
− 1
ξ(S)
|x1 − x2|
)
, (86)
where ξ(S) is the orrelation length (76). As a result, equations (75) and (86) demonstrate an
agreement of the estimations based on two different representations for the Green funtion
G(x, τ ; x′, τ ′): the first one is in the form of the trigonometri Fourier series (62) (where
either (64) or (67) is used to express Gω(x, x
′)), and the seond one is in the form of the
series (82), whih runs over the priniple quantum numbers (obtained from the generalized
double Fourier series (80)).
Now let us turn to the ase β/α≫ 1, where βEn ≫ 1, ∀n = 1, 2, . . . In other words, let
us suppose that kBT ≪ En and, so, kBT ≪ ~Ω. Then, from (82) one obtains:
G(x, τ ; x′, τ ′) =
−gβ
4Rc
[(1
2
− ∆τ
β
)2
− 1
12
]
− g
2~v
∞∑
n=1
n+ 1/2√
n(n + 1)
Pn
( x
Rc
)
Pn
( x′
Rc
)
exp
(
−
√
n(n+ 1)
∆τ
α
)
. (87)
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Let us note that a differene between two neighbouring energy levels (81) an be esti-
mated. After some appropriate series expansions, whih are valid at n > 1, one obtains:
En+1 − En ≈ 1
α
[
1 +
1
8
1
(n + 1)2
+
7
128
1
(n+ 1)4
. . .
]
≈ 1
α
[
1 +
1
8n2
− 1
4n3
+
55
128n4
. . .
]
. (88)
Right Hand Side of (88) demonstrates that the levels (81) an approximately be treated
as equi-distant provided the inverse powers of n are negleted in (88), say, for the values
n > n0 = 10. In its turn, the following series expansion is valid:
n + 1/2√
n(n+ 1)
= 1 +
1
8n2
− 1
8n3
+
15
128n4
− . . . (89)
It is remarkable that the terms ∼ n−1 are absent both in (88) and (89). Let us remind that
leading asymptotial estimations, whih are obtainable with so-alled logarithmi auray,
are important for physial appliations. As it will be lear below, the problem at hands just
admits an estimation with leading logarithmi auray. In this ase, the inverse powers
of n an be omitted with the same auray in (88) and (89) at n > n0 = 10. For suh
approximation, the energy levels (81) turn out to be equi-distant, while the orresponding
ratio
n+1/2√
n(n+1)
in (87) beomes equal to unity. Convergeny of the series (87) is not affeted
in this situation, while the term omitted an be estimated.
Let us onsider the exponent in (87):√
n(n + 1)
∆τ
α
=
∆τ
α
(
n+
1
2
)
−∆τ
α
( 1
8n
− 1
16n2
+
5
128n3
− . . .
)
. (90)
The seond term in (90) an also be negleted in the exponent at n > n0, provided∆τ/α≪ 1.
This means that the series entering into (87) an approximately be written as follows:
n0∑
n=1
n+ 1/2√
n(n + 1)
Pn
( x
Rc
)
Pn
( x′
Rc
)
exp
(
−
√
n(n+ 1)
∆τ
α
)
+ e−∆τ/(2α)
∞∑
n=n0+1
Pn
( x
Rc
)
Pn
( x′
Rc
)(
e−∆τ/α
)n
, (91)
where n0 is the number, whih is fixed (its speifi value is forbidden to go to infinity). The
orretion, say c˜, omitted in the representation (91) an be estimated:
|c˜| ≤
((
1 +
1
n20
)(
1 +
∆τ
α
const
n0
)
− 1
)
× e−∆τ/(2α)
∞∑
n=n0+1
∣∣∣Pn( x
Rc
)
Pn
( x′
Rc
)∣∣∣ (e−∆τ/α)n.
It an also be demonstrated that absolute value of the first term in (91) does not exeed
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2n0. Using (91), let us put (87) in the following form:
G(x, τ ;x′, τ ′) ≈ −gβ
4Rc
[(1
2
− ∆τ
β
)2
− 1
12
]
− g
2~v
n0∑
n=1
[ n+ 1/2√
n(n+ 1)
exp
(
−
√
n(n+ 1)
∆τ
α
)
− exp
(
−
(
n+
1
2
)∆τ
α
)]
× Pn
( x
Rc
)
Pn
( x′
Rc
)
− g
2~v
e−∆τ/(2α)
[ ∞∑
n=0
tn Pn
( x
Rc
)
Pn
( x′
Rc
)
− 1
]
, (92)
where t ≡ exp(−∆τ/α). As it an be seen from (80), the equation obtained (92) is valid for
the ase when τ and τ ′ are lose either to zero or to β, as well as for the ase when only τ
or τ ′ is lose to β. Besides, we assume that τ 6= τ ′ in order to keep onvergeny of (92).
Using the known series [35℄
∞∑
n=0
tnPn(cosϑ1)Pn(cosϑ2) =
4
π
1
u+u−
K(κ), 0 < t < 1, (93)
u+ ≡
√
1− 2t cos(ϑ1 + ϑ2) + t2, u− ≡
√
1− 2t cos(ϑ1 − ϑ2) + t2,
κ =
u+ − u−
u+ + u−
,
(94)
where K is a omplete ellipti integral of the first kind, one an estimate the approximate
representation for the Green funtion (92). Indeed, let us put cosϑ1 ≡ x/Rc ≪ 1 and
cos ϑ2 ≡ x′/Rc ≪ 1. Then the following estimations for u+ and u− an be obtained:
u+ ≈ 1 + t− t
1 + t
(x+ x′)2
2R2c
≈ 2− ∆τ
α
− (x+ x
′)2
4R2c
, (95.1)
u− ≈
(
(1− t)2 + t(x− x
′)2
R2c
)1/2
≈ ||x− x
′|+ i~v∆τ |
Rc
≡ u∗, (95.2)
where it is assumed that ∆τ/α≪ 1 and
t
1 + t
≈ 1
2
(
1− ∆τ
2α
)
.
Provided the terms of seond order smallness are negleted, an estimation κ ≃ 1 − u∗
arises for κ (94), where u∗ implies the orresponding approximate value of u− given by Right
Hand Side of (95.2). When κ ∼ 1, several leading terms of the asymptotial expansion of
the funtion K(κ) [35℄ an be written down:
K(κ) ≈ K(1− u∗) ≈ u∗
4
(( 2
u∗
+ 1
)
ln
8
u∗
− 1
)
, u∗ ≪ 1. (96)
The estimation presented (96) does not ontain the terms ∼ (u∗)2, and the other terms
whih ontain higher powers of u∗ are absent. This is due to the fat that under the imposed
ondition of quasi-homogeneity, the value u∗ (95.2) is treated as a quantity of first order
smallness. Therefore, the orresponding value of the argument κ, i. e., κ ≃ 1−u∗, is written
negleting the ontributions of seond order smallness.
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Let us point out that the first and the seond terms in G(x, τ ; x′, τ ′) (92) are not small,
beause the number n0 an our to be large. Besides, the inequality β/α≫ 1 implies that
gβ/Rc ≫ g/(~v). However, provided a smallness of the quantities x/Rc, x′/Rc and ∆τ/α is
taken into aount, it is seen that the first two terms in (92) are less important in omparison
to the third one, whih an be logarithmially large at suffiiently small u∗. It is why, we
neglet the first two terms and write down the leading ontribution to the Green funtion
(92) with the logarithmi auray:
G(x, τ ; x′, τ ′)
≃
( −g
4π~v
)(
1 +
2Rc
||x− x′|+ i~v(τ − τ ′)|
)
ln
8Rc
||x− x′|+ i~v(τ − τ ′)|
≈
( −g
2π~v
) 1
u∗
ln
8
u∗
. (97)
Here it is assumed that u∗ is given by (95.2), and the following onditions of validity of the
logarithmi estimation are respeted:
n0 .
1
u∗
, 1≪ 1
u∗
≪ 1
u∗
ln
1
u∗
. (98)
Substitution of (97) into (52) gives us the following estimation for the two-point orrelator
Γ(x1, τ1; x2, τ2):
Γ(x1, τ1; x2, τ2) ≃
√
ρ˜(x1)ρ˜(x2)
||x1 − x2|+ i~v(τ1 − τ2)|1/θ¯
. (99)
In (99), the notation θ¯ for the ritial exponent is introdued:
θ¯ ≡ 2π~v
g
u∗. (100)
The ritial exponent θ¯ depends on u∗ (95.2), and therefore it is a funtion of differenes of
the oordinates. Apart from the inequalities (98), the following estimations an be obtained
to haraterize the relations (99), (100):
1
~v
≪ Rc
~v||x− x′|+ i~v(τ − τ ′)| ≪
β
||x− x′|+ i~v(τ − τ ′)| ,
1
~v
≪ β
Rc
≪ β||x− x′|+ i~v(τ − τ ′)| .
The estimation obtained (99) (together with the ritial exponent θ¯ (100)) onstitutes
the main result of the present subsetion devoted to the ase given by kBT ≪ ~v/Rc. From
a omparison with the spatially homogeneous Bose gas, one an see that the derivation of
the estimate (99) is just analogous to a transition from the relations (56), (58) to the final
asymptotis (59). Then, validity of the orresponding limit Rc/(~βv) → 0 means that the
result (99) is also onerned with the fat that the ondensate boundary Rc inreases slower
than the inverse temperature.
Let us note that due to (98), a speifi value of n0 an be related to the size of the trap
Rc: at a fixed range of deviations between the spatial oordinates x and x
′
, inreasing of
Rc leads to an inreasing of an upper bound for admissible values of n0. However, due to
(98), the estimation obtained for G(x, τ ; x′, τ ′) (97) does not depend expliitly on a speifi
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hoie of the number n0. On the other hand, at suffiiently large values of n, the following
asymptotis for the Legendre polynomials Pn is valid [35℄:
Pn(cosϑ) =
√
2
πn sinϑ
cos
[(
n+
1
2
)
ϑ− π
4
]
+O(n−3/2), 0 < ϑ < π. (101)
Let us assume that the number n0 is large enough to substitute (101) into the series
∞∑
n=1
(
e−∆τ/α
)n
Pn
( x
Rc
)
Pn
( x′
Rc
)
,
whih is a part of the representation (92) (see also (91)), in order to obtain its estimation
with the logarithmi auray. Eventually, the following result takes plae for G(x, τ ; x′, τ ′)
(92):
G(x, τ ; x′, τ ′) ≃
( −g
2π~v
)(
1 +
S2
2R2c
)
ln
Rc
||x− x′|+ i~v(τ − τ ′)| , (102)
where S = x1+x2
2
. In the limit 1/Rc → 0, the total oeffiient in front of the logarithm in
(102) takes the value −1/θ, where the ritial exponent θ is defined like in (59), (60).
The usage of the asymptotis (101) implies that the eigen-funtions are approximated
by the base onsisting of the plane waves, whih orrespond to an almost homogeneous
Bose gas. Therefore, a replaement of the asymptotis (97) by the asymptotis (102) an
be explained as a transition, at inreasing of Rc, to smaller sales haraterized by small
ratios x/Rc, x
′/Rc and |x−x′|/Rc (the quasi-homogeneity ondition). Then, the result (99)
together with the ritial exponent (100) demonstrate an effet of finitness of the size of the
domain oupied by the spatially non-homogeneous Bose gas. This follows just from the
employment of the Legendre polynomials as the base of one-partile states.
5. Conlusion
The model onsidered in this paper desribes a spatially non-homogeneous one-dimensional
Bose gas with a weak repulsive oupling plaed into an external harmoni potential. The
paper deals with an appliation of the funtional integration approah to the alulation
of the two-point thermal orrelation funtion of the non-homogeneous Bose gas. The tem-
peratures that are low enough for the quasi-ondensate to be reated in the Bose system
in question (see 2) are studied. The funtional integral representation for the two-point
orrelation funtion in question is estimated by means of the stationary phase approximation
in the way proposed in [25℄. The main results are obtained for the ase when the size of
the domain oupied by the quasi-ondensate inreases, while the temperature of the system
goes to zero. It is demonstrated that the behaviour of the orrelation funtion near zero
temperature has a power-like dependene, and it is governed by the ritial exponent. In
ontrast with the ase of spatial homogeneity of the Bose gas, the presene of the external
potential is manifested in the non-homogeneity of the ritial exponent. The latter turns
out to beome a funtion of the same spatial and thermal arguments as the orrelator itself.
The dependene of the ritial exponent on these spatial arguments is in orrespondene
with the limiting behaviour of the ratio of the size of the trap to the inverse temperature
provided both of them are inreasing.
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